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Abstract. Geometric Langlands duality can be understood from statements 
of mirror symmetry that can be formulated in purely topological terms for an 
oriented two-manifold C. But understanding these statements is extremely 
difficult without picking a complex structure on C and using Hitchin's equa- 
tions. We sketch the essential statements both for the "unramified" case that 
C is a compact oriented two-manifold without boundary, and the "ramified" 
case that one allows punctures. We also give a few indications of why a more 
precise description requires a starting point in four-dimensional gauge theory. 



1. The A-Model And The B-Model 

Let G be a compact Lie group and let Gc be its complexification. And let 
G be a compact oriented two-manifold without boundary. We write 3^(G, C) (or 
simply y{G) or 3^ if the context is clear) for the moduli space of flat Gc bun- 
dles E ^ C, modulo gauge transformations. Equivalently, 3^(G, G) parametrizes 
honiomorphismf0 of the fundamental group of G to Gc. 

y{G, G) is in a natural way a complex symplectic manifold, that is a com- 
plex manifold with a nondegenerate holomorphic two-form. The complex structure 
comes simply from the complex structure of Gc, and the symplectic form, which we 
call ft, comes from the intersection pairing on iJ^(G, ad(£')), where ad(£') is the 
adjoint bundle associated to a flat bundle E. Since y{G, C) is a complex symplectic 
manifold, in particular it follows that its canonical line bundle is naturally trivial. 

Geometric Langlands duality is concerned with certain topological field theories 
associated with y{G, G). The most basic of these are the B-model that is defined 
by viewing y{G, G) as a complex manifold with trivial canonical bundle, and the 
A-model that is defined by viewing it as a real symplectic manifold with symplectic 
fornix Lo = Imi7. 
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"'^Actually, it is best to define y{G, C) as a geometric invariant theory quotient that parametrizes 
stable homomorphisms plus equivalence classes of semi-stable ones. This refinement will not 
concern us here. See section [6. II 

•^The definition of this intersection pairing depends on the choice of an invariant quadratic 
form on the Lie algebra of G. It can be shown using Hitchin's C* action on the moduli space 
of Higgs bundles that the A-model that we define shortly is independent of this choice, up to a 
natural isomorphism. The geometric Langlands duality that one ultimately defines likewise does 
not depend on this choice. 

■^The usual definition of Q is such that Im Q is cohomologically trivial, while Re Q is not. The 
fact that u! = Im CI is cohomologically trivial is a partial explanation of the fact, mentioned in the 
last footnote, that the A-model of y is invariant under scaling of ui. 
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These are the topological field theories that are relevant to the most basic form of 
geometric Langlands duality. However, there is also a generalization that is relevant 
to what is sometimes called quantum geometric Langlands. From the A-model side, 
it is obvious that a generalization is possible, since we could use a more general 
linear combination of Re Q and Im Q in defining the A-model. What is less evident 
is that the i?-model can actually be deformed, as a topological field theory, into 
this family of A-models. This rather sur prising fact is n atural from the point of 
view of generalized complex geometry, see HitchinI ( 2003 ). and has been explained 
from that point of view in section 4.6 of Gualtieri ( 2003), as a gene ral statement 
about complex symplectic manifolds. In Kapustin fc WittenI (|2007l ). sections 5.2 
and 11.3, it was shown that quantum geometric Langlands is naturally understood 
in precisely this setting. 

Here, however, to keep things simple, we will focus on the most basic i3-model 
and j4-model that were just described. 



2. Mirror Symmetry And Hitchin's Equations 

The next ingredient we need is Langlands or Goddard-Nuyts-Olive duality. To 
every compact Lie group G is naturally associated its dual group ^G. For exam- 
ple, the dual of SU{N) is PSU{N) = SU{N)/Zn, the dual of Es is Es, and so 
on. And we must also recall the concept of mirr or symmetry between ^-models 
and _B-models (for example, see iHori et al.l ( 20031 )). This is a quantum symmetry 



of two-dimensional nonlinear sigma models whose most basic role is to transform 
questions of complex geometry into questions of symplectic geometry. The geomet- 
ric Langlands correspondence does not appear at first sight to be an example of 
mirror symmetry, but it turns out that it is. 

With a little bit of hindsight (the questi on was fi r st add resse d in Hausel fc Thadd eud 



([2002,' ) . following earlier work bv Bershadskv et al.l ( 1995 ). and Harvev et al . (1995,)), 
we may ask whether the i?-model of y{^G, G) may be mirror to the A-model of 
y{G, G). Even once this question is asked, it is difficult to answer it without some 
additional structure. The additional struc ture that comes in handy is provided 
by Hitchin's equations, see iHitchinl ( 1987qI ). Until this point, G has simply been 



an oriented two-manifold (compact and without boundary). But now we pick a 
complex structure and view C as a complex Riemann surface. Hitchin's equations 
with gauge group G are equations for a pair (A, 0). Here A is a connection on a 
G-bundle E G (we stress that the structure group of E is now the compact group 
G), and (/) is a one-form on G with values in ad(-E). Hitchin's equations, which are 
elliptic modulo the gauge group, are the system: 

F-(f)A(f>^0 

(2.1) Dcf)^ Di.4) = Q. 



Here ★ is the Hodge star operator determined by the complex structure on G. The 
role of the complex structure of C is that it enables us to write the last of these 
equations. 

A solution of Hitchin's equations has two interpretations. On the one hand, given 
such a solution, we can define the complex- valued connection A = A + i(f). Hitchin's 
equations imply that the corresponding curvature = dA -f ^ A ^ vanishes, so a 
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solution of Hitchin's equations defines a complex-valued flat connection, and thus 
a point in y{G, C). 

On the other hand, the (0, f ) part of the connection A determines a d operator 
on the bundle E (or rather its complexification, which we also call E) . There is no 
integrability condition on d operators in complex dimension 1, so this d operator 
endows E with a complex structure; it becomes a holomorphic Gc bundle over C . 
Moreover, let us write (j) = Lp + (p, where Lp and are the (1,0) and (0, 1) parts of 0. 
Then Hitchin's equations imply that (/?, regarded as a section oi K®a.d{E) (with K 
the canonical line bundle of C), is holomorphic. The pair (£', (^), where i? — > C is 
a holomorphic Gc bundle and ip £ H^{C, K ® ad(£')), is known as a Higgs bundle. 

We write Mh for the moduli space of solutions of Hitchin's equations, mod- 
ulo a gauge transformation. The fact that a solution of these equations can be 
interpreted in two different ways means that A^/f is endowed with two different 
natural complex structures. In one complex structure, which has been called /, 
Mh parametrizes isomorphism classes of semistable Higgs bundles {E,Lp). In an- 
other complex structure, J, it parametrizes equivalence classes of flat Gc-bundles or 
in other words homomorphisms p : t^i{C) Gc- I, J, an d K = IJ tit to gether to 
a natural hyper-Kahler structure on Ain, as described in 'Hitchin' (" iQSTflf l. In par- 
ticular, there are holomophic two-forms fljjfljjflK and Kahlcr forms uii,u}j,ujk- 
These are all related by 11/ = ujj + iujK, and cyclic permutations of this statement, 
as is usual in hyper-Kahler geometry. 

In complex structure J, A4h is the same as the variety y that we described 
earlier. The natural holomorphic symplectic form of 3^ is the same as iflj. And 
the real symplectic form uj = Imfl used in defining the yl- model coincides with 
UK- Complex structure J and the holomorphic symplectic form ilj = lok + ii^i do 
not depend on the chosen complex structure on G, in contrast to the rest of the 
hyper-Kahler structure ot A4h- 

Remark 2.1. As an aside, one may ask how closely related (f>, known in the present 
context as the Higgs field, is to the Higgs fields of particle phys ics. Thus, to what 
extent is the terminology that was introduced in lHitchinl (19873) actually justified? 



The main difference is that Higgs fields in particle physics are scalar fields, while 
is a one- form on G (valued in each case in some representation of the gauge group) . 
However, although Hitchin's equations were first written down and studied directly, 
they can be obtained from A/" = 4 supersymmetric gauge theory via a sort of twisting 
procedure (similar to the procedure that leads from J\f = 2 supersymmetric gauge 
theory to Donaldson theory). In this twisting procedure, some of the Higgs-like 
scalar fields of A/" = 4 super Yang-Mills theory are indeed converted into the Higgs 
field that enters in Hitchin's equations. This gives a reasonable justification for the 
terminology. 

As we will explain next, it is possible, with the aid of Hitchin's equations, to 
answer the question of whether the i?-modcl o f y (^G, G) is mirror to the A-modcl of 
y{ G, G). This in fact was firs t pointed out in iHausel fc ThaddeusI (|2002h . and used 



in iKapustin fc WittenI ( 2007 ) as a key ingredient in understanding the geometric 



Langlands correspondence. 

3. The Hitchin Fibration 



We will have to use the Hitchin fibration. This is the map, holomorphic in com- 
plex structure /, that takes a Higgs bundle {E, ip) to the characteristic polynomial 



4 



EDWARD WITTEN 



of ip. For example, for G = SU{2), {E,ip) is mapped simply to the quadratic dif- 
ferential det (f. The target of the Hitchin fibration is thus in this case the space 
B = H'^{C,K^) that parametrizes quadratic differentials. This has a natural ana- 
log for any G. From the standpoint of complex structure /, the generic fiber of 
the map n : A4h B is a complex abelian variety (or to be slightly more pre- 
cise, in general a torsor for one). The fibers are Lagrangian from the standpoint of 
the holomorphic symplectic form Qj. Such a fibration by complex Lagrangian tori 
turns A i h into a completely integrable Hamiltonian system in the complex sense 
HitchinI (|l987d) . 



There is, however, another way to look at the Hitchin fibration, as first described 
in lHausel fc Thaddeud ( 2002 ). Let us go back to the A- model defined with the real 



symplectic structure uj. Since the fibers of n : A4h ^ B are Lagrangian for 
fi/ = to J + iujK, they are in particular Lagrangian for uj = lok- Moreover, being 
holomorphic in complex structure /, these fibers are actually area-minimizing in 
their homology class - here areas are computed using the hyper-Kahler metric on 
M.H- So the Hitchin fibration, from the standpoint of the ^-model, is actually a 
fibration oi M^u by special Lagrangian tori. 

Mirror symmetry is bel ieved to arise fr o m T- duality on the fibers of a special 
Lagrangian fibration, see iStrominger et al. Generally, it is very difficult to 



explicitly exhibit a non-trivial special Lagrangian fibration. The present example 
is one of the few instances in which this can actually be done, with the aid of 
the hyper-Kahler structure oi Mu and its integrable nature. Non-trivial special 
Lagrangian fibrations are hard to understand because it is difficult to elucidate 
the structure of the singularities. In the hyper-Kahler context, the fact that the 
fibers are holomorphic in a different complex structure makes everything far more 
accessible. 

Once we actually find a special Lagrangian fibration, what we are supposed to 
do with it, in order to give an example of mirror symmetry, is to construct the dual 
special Lagrangian fibration, which should be mirror to the original one. The mirror 
map exchanges the symplectic structure on one side with the complex structure on 
the other side. 

In the present conte xt, there is a very be a utiful description of the dual fibration: 
it is, as first shown in iHausel &: ThaddeusI (|2002l ). simply the Hitchin fibration of 



the dual group. Thus one considers Mh{^G,C), the moduh space of solutions of 
Hitchin's equation for the dual group ^G. It turns out that the bases of the Hitchin 
fibrations for G and can be identified in a natural way. The resulting picture is 
something like this: 

Xff(^G,C) Mh{G,C) 

\ / 
B 



In complex structure /, the fibers over a generic point b G B are, roughly speaking, 
dual abelian varieties (more precisely, they are torsors for dual abelian varieties). 

Alternatively, the fibers are special Lagrangian submanifolds in the symplectic 
structure w = luk- From this second point of view, the same picture leads to a 
mirror symmetry between the i3-model of Mh{^G, C) in complex structure J and 
the A-model of Mh{G, G) with symplectic structure ujk- 
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As we have just explained, the tools that make this mirror symmetry visible 
are the hyper-Kahler structure oi A4h and its Hitchin fibration. Those struc- 
tures depend on the choice of a complex structure on C, but in fact, the result- 
ing mirror symmetry does not really depend on this choice. This was shown in 



Kapustin fc WittenI (|2007r ) in the process of deriving this example of mirror sym- 



metry from a four-dimensional topological field theory. The topological field theory 
in question is obtained by twisting of A/" = 4 super Yang-Mills theory. 



3.1. A Few Hints. There are a few obstacles to overcome to go from this instance 
of mirror symmetry to the usual formulation of geometric Langlands duality. Un- 
fortunately, it will not be practical here to give more than a few hints. 

One key point is that in the usual formulation, the dual of a i?-brane on 
A4ff{^G,C) is supposed to be not an ^-brane on A4ff{G,C) - which is what we 
most naturally get from the above construction - but a sheaf of P-modules on 
A4{G, C), the moduli space of G-bundles over C (a sheaf of P-modules is by defini- 
tion a sheaf of modules for the sheaf T> of differ ential operators on AiiG,C )). The 
link between the two statements is explained in lKapustin fc WittenI ()2007l) . section 
11, using the existence of a special A-brane on M.h{G, G) that is intimately related 
to different i al oper ators on M.{G, G). This relation is possible because, as explained 
m iHitchinI (|l987oh . A4h{G,G) contains T*M.^*(G,G) as a Zariski open set; here 
A^**(G, G) is the subspace of A4{G, G) parametrizing strictly stable bundles. 

Another key point is the following. A central role in the usual formulation is 
played by the geometric Hecke operators, which act on holomorphic G-bundles 
over G and therefore also on P-modules on A^(G, G). They have a natural role in 
the present story, but this is one place that one misses something if one attempts 
to express this subject just in terms of two-dimensional sigma models and mirror 
symmetry. This particular instance of mirror symmetry actually originates from a 
duality in an underlying four-dimensional gauge theory. Once this is understood, 
basic facts about the Wilson and 't Hooft line operators of gauge theory lead to 
the usual statements about Hecke eigensheaves, as explained in sections 9 and 10 
of Kapustin & Witten (2007). The geometric Hecke operators are naturally rein- 
terpreted in this context in terms of the Bogomolny equations of three-dimensional 
gauge theory, which are of great geometrical as well as physical interest and have 
been much studied, for example in Ativah fc Hi tchin (1988). 

A proper formulation of some of these statements leads to another important 
role for four dimensions. The usual formulation of geometric Langlands involves 
2?-modules not on the moduli space of semistable G-bundles but on the moduli 
stack of all G-bundles. The main reason for this is that one cannot see the action 
of the Hecke operators if one considers only semistable bundles. As we will explain 
in section [6l the role of stacks in the standard description can be understood as a 
strong clue for an alternative approach that starts in four-dimensional gauge theory. 



4. RAMIFICATION 

Before getting back to stacks, however, I want to give an idea of what is called 
"ramification" in the context of geometric Langlands. 

A simple generalization of what we have said so far is to consider flat bundles not 
on a closed oriented two-manifold G but on a punctured two-manifold G' — G\p; 
that is, G' is G with a point p omitted. 
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We pick a conjugacy class C C Gc, and we let y{G,C';G) denote the mod- 
uli space of honiomorpliisms p : 7ri(C) — > Gc, up to conjugation, such that the 
monodromy around p is in the conjugacy class C. 

Many statements that we made before have natural analogs in this punctured 
case. In particular, y{G,C';C) has a natural structure of a complex symplectic 
manifold. It has a natural complex structure and holomorphic symplectic form fl. 
Just as in the unpunctured case, we can define a B- model of 3^(G, G'; 6). Also, 
viewing 3^(G, G'; C) as a real symplectic manifold with symplectic form lu = Imfi, 
we can define an A-model. The i?-model and the A-model are both completely 
independent of the complex structure of G'. 

Next, introduce the dual group ^G and let denote a conjugacy class in its 
complcxification. Again, the space 3^(^G, G';^C) has a natural _B-model and A- 
model. 

Based on what we have said so far, one may wonder if, for some map between C 
and ^C, there might be a mirror symmetry between y{G, C; 6) and y{^G, G'\ ^C). 
The answer to this question is "not quite," for a number of reasons. One problem 
is that there is no natural correspondence between conjugacy classes in Gc and 
in ^Gc. A more fundamental problem is that the _B-model of 3^(G, G';C) varies 
holomorphically with the conjugacy class 6, but the A-model of the same space 
does not. To find a version of the statement that has a chance of being right, we 
have to add additional parameters to find a mirror-symmetric set. 

In any event, regardless of what parameters one adds, it is very difficult to 
answer the question about mirror symmetry if G' is viewed simply as an oriented 
two-manifold with a puncture. To make progress, just as in the unramified case 
(that is, the case without punctures), it is very helpful to endow G' with a complex 
structure and to use Hitchin's equations. This actually also helps us in finding the 
right parameters, because an improved set of parameters appears just in trying to 
give a natural formulation of Hitchin's equations on a punctured surface. Let z be 
a local para meter near the p uncture and write z = re'^. In the punctured case, it is 
natural, see 'Simpson (1990), to introduce variables a,(3,j taking values in the Lie 



algebra t of a maximal torus T G G, and consider solutions of Hitchin's equations 
on C whose behavior near z = is as follows: 

(4.1) A:^ade + ... 

(IT 

(4.2) = /3 7d6i-f.... 

r 

The ellipses refer to terms that are less singular near z — 0. 

All the usual statements about Hitchin's equations have close analogs in this 
situation. The moduli space of solutions of Hitchin's equations with this sort of 
singularity is a hyper-Kahler manifold M^h{G, G; a, (3, 7). In one complex structure, 
usually called J, it coincides with 3^(G, G; C), where 6 is the conjugacy class that 
contains0 U = exp(— 27r(a — 17)). In another complex structure, often called /, 
M.h{G, G; a, /3, 7) parametrizes Higgs bundles (£', 93), where Lp e H°{G' , K®a.d{E)) 
has a pole at z = 0, with ^ ^(/^ + i"i){dz/z). Moreover, there is a Hitchin 
fibration, and most of the usual statements about the unramified case - those that 
we have explained and those that we have omitted here - have close analogs. For 



^For simpli city, we assume tha t U is regular. The more involved statement that holds in general 



I explained in lGukov fc WittenI l|2006) . 
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a much more de t ailed explanation, and references to the original literature, see 
Gukov fc Witte^ (|2006h . 



The variables a,/?, 7 are a natural set of parameters for the classical geometry. 
However, quantum mechanically, there is one more natural variab le 77 (analogous to 



the us ual 0-angles of gauge theory), as described in section 2.3 of lGukov fc Witten 



( 20061 ) ■ With the complete set of parameters (a, (3, 7, rf) at hand, it is possible to for- 



mulate a natural duality statement, according to which A4h{'"G, C; ^q;,^/?,^7, ^ry) 
is mirror to A4h{G, C; a , 7, 77), with a c e rtain map between the parameters, de- 
scribed in section 2.4 of lGukov fc Witt"en ( 20061 ). The main point of this map is 



that (a, 77) = {^rj, —^a). Since the monodromy U depends on ^a, this shows that 
the dual of the monodromy involves the quantum parameter rj that is invisible 
in the classical geometry. In the ^-model, 77 becomes the imaginary part of the 
complexified Kahler class. 

This duality statement leads, after again mapping ^-branes to P-modules, to 
a statement of geometric Langlands duality for this situation similar to what has 
be en obtained via algebraic g eometry and two-dimensional conformal field theory 



Frenkel fc Gaitsgorvl (|2005l ). 



Remark 4.1. We pause here to explain one very elementary fact about the classical 
geometry that will be helpful as background for section [5l In complex structure J, 
a solution of Hitchin's equations with the singularity of eqn. (14. 1|) describes a flat 
Gc bundle E ^ C with monodromy around the puncture p. E can be extended 
over p as a holomorphic bundle, though of course not as a flat one, and moreover 
from a holomorphic point of view, E can be trivialized near p. The fiat connection 
on E ^ C is then represented, in this gauge, by a holomorphic (l,0)-form on C 
(valued in the Lie algebra of Gc) with a simple pole at p: 

(4.3) A = dz''^~^^' 



where the omitted terms are regular at z = 0. The singularity of the connection at 
z = is a simple pole because the ansatz (|4.ip for Hitchin's equations only allows 
a singularity of order 1/ 1 z | . A holomorphic connection with such a simple pole is 
said to have a regular singularity. 

In geometric Langlands, what is usually called tame ramification is, roughly 
speaking, the case that we have just arrived at: a holomorphic bundle E C that 
has a holomorphic connection form with a regular singularity. Actually, the phrase 
"tame ramification" is sometimes taken to refer to the case that the residue of the 



simple pole is nilpotent, while in eqn. (14.31) we s eem to be in the opposite case of 
semi-simple residue. In iGukov fc WittenI (|2006h . it is explained that, with some 



care, mirror symmetry for A^// (G, C"; a, /?, 7, 77) is actually a sufficient framework 
to understand geometric Langlands for a connection with a simple pole of any 
residue. For example, the case of a nilpotent residue can be understood by setting 
= ^7 = (or 7 = r; = in the dual description). 



5. Wild Ramification 

Based on an analogy with number theory, geometric Langlands is usually formu- 
lated not only for the case of tame ramification. One goes on to inquire about an 
analogous duality statement involving a holomorphic bundle E' — > G with a holo- 
morphic connection that has a pole of any order. In other words, after trivializing 
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the holomorphic structure of E near a point p G C, the connection looks hke 

(5-1) '^ = ^^(li^ + 5^ + --- + T + - 

where regular terms are omitted. A meromorphic connection with a pole of degree 
greater than 1 is said to have an irregular singularity. 

Trying to formulate a duality statement for this situation poses, at first sight, 
a severe challenge for the approach to geometric Langlands described here. Our 
basic point of view is that the fundamental duality statements depend on C only 
as an oriented two-manifold. A complex structure on C is introduced only as a 
tool to answer certain natural questions that can be asked without introducing the 
complex structure. 

From this point of view, tame ramification is natural because a simple pole in this 
sense has a clear topological meaning. A meromorphic connection with a simple 
pole at a point p G C is a natural way to encode the monodromy about p of a flat 
connection on C" = C\p. And this monodromy, of course, is a purely topological 
notion. But what could possibly be the topological meaning of a connection with 
a pole of degree greater than 1? 

A closely related observation is that Ti is the residue of the pole in ^ at z = 0, 
and so is independent of the choice of local coordinate z. However, the coefficients 
T2 , . . . , T„ of the higher order poles most definitely do depend on the choice of a 
local coordinate. How can we hope to include them in a theory that is supposed to 
depend on C only as an oriented two-manifold? 

Moreover, if the plan is to formulate a duality conjecture of a topological na- 
ture and then prove it using Hitchin's equations, we face the question of whether 
Hitchin's equations are compatible with an irregular singularity. Hitchin's equations 
for a pair $ = {A, cj)) are schematically of the form (i$ + <i>^ = 0. If near z = 0, we 
have a singularity with |$| ~ l/l^:!", then \d^\ ~ l/|z|"+^ and |<I>p ^ l/|zp". For 
n — 1, and |<i>p are comparable in magnitude, and therefore Hitchin's equations 
look reasonable. However, for n > 1, we have |$p >> and it looks like the 

nonlinear term in Hitchin's equations will be too strong. 

Both questions, however, have natural answers. The answer to the first ques- 
tion is that, despite appearances, one actually can associate to a connection with 
irregular singularity something that goes beyond the ordinary monodromy and has 
a purely topological meaning. The appropriate concept is an extended monodromy 
that includes Stokes matrices as well as the ordinary monodromy. Stokes matri- 
ces are part of the classical theory of ordin ary differential equations with irregular 
singularity; for example, see Wasowl ( 1965[ ). 



Assuming for brevity that the leading coefficient T„ of the singular part of 
the connection is regular semi-simple, one can make a gauge transformation to 
conjugate Ti,...,T„ to the maximal torus. Then one defines a moduli space 
y{G,C;Ti, . . . ,Tn) that parametrizes, up to a gauge transformation, pairs con- 
sisting of a holomorphic Gc -bundle over C and a conne ction with an irregular sin- 
gularity of the form described in eqn. (|5.ip . As shown in Boalch ( 200l[ ). it turns out 



that this space y{G, C; Ti, . . . , T„) is in a natural way a complex symplectic man- 
ifold, with a complex symplectic structure that depends on C only as an oriented 
two-manifold. This can be proved by adapting to the pr esent setting th e gauge 



I ga 

theory definition of the symplectic structure, formulated in lAtiyah fc Botd ([1982.) 
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Moreover the complex symplectic structure of y{G, C; Ti, . . . , r„) is independent 
of T2, . . . , Tri (as long as r„ remains semi-simple). 

At this point the im portant concept of isomonodromic deformation, introduced 
by Ijimbo et alj ( 1981 ). comes into play. There is a natural way to vary the pa- 
rameters T2,...,T„, without changing the generalized monodromy data that is 
parametrized by y{G, C; Ti, . . . , T„). Moreover, as has been proved quite recently 
in ,Boalch ( 200 1). the complex symplectic structure of the space of generalized mon- 
odromy data is invariant under isomonodromic deformation. Thus, roughly speak- 
ing, one can define a complex symplectic manifold 3^(G, C; Ti, n) that depends only 
on Ti and the integer n>\. 

The fact that the parameters T2, . . . ,Tn turn out to be, in the sense just de- 
scribed, inessential, is certainly welcome, since as we have already observed, they 
have no evident topological meaning. Now we are in a situation very similar to 
what we had in the unramified and tamely ramified cases. Given y{G,C;Ti,n) 
as a complex symplectic manifold, with complex symplectic form f2, we can define 
its i?-model, or its A-model using the real symplectic form lo = Imfi. Of course, 
we can do the same for the dual group, defining another complex symplectic man- 
ifold y{^G,C;^Ti,n), with its own i?- model and A- model. And, just as in the 
unramified case, we can ask if these two models are mirror to each other. 

Even before trying to answer this question, we should refine it slightly. Because of 
the constraint that T„ should be regular semi-simple, it is not quite correct to simply 
forget about r„. There can be monodromies as r„ varies. We think of Tn as taking 
values in t^'^^ (X> K^^^, with notation as follows: tc is the Lie algebra of a maximal 
torus in Gc, t^^ subspace consisting of regular elements, and Kp is the fiber 
at p of the cotangent bundle to G. The fundamental group of t"^ is known as the 
braid group of G; we call it B{G). Because of the monodromies, one really needs to 
choose a basepoint * g tj?* to define y{^G,C;^Ti,n); to be more precise, we can 
denote this space as y{^G, G; ^Ti, n, *). The group B{G) acts via monodromies on 
both the S-model and the ^-model of y{G, G; Ti, n, *). Dually, the corresponding 
braid group B{^G) acts on the B-model and the A-model of y{^G,G;^Ti,n,*). 
However, the two groups B[G) and B{^G) are naturally isomorphic; indeed, modulo 
a choice of an invariant quadratic form, there is a natural map from t^'^^ to HJ^'^^, so 
the two spaces have the same fundamental group and a choice of basepoint in one 
determines a basepoint in the other, up to homotopy. A better (but still not yet 
precise) question is whether there is a mirror symmetry between 3^(G, G; Ti, rt, *) 
and y{^G, G; ^Ti,n, *) that commutes with the braid group. 

We expect as well that this mirror symmetry depends on G only as an oriented 
two-manifold, and so commutes with the mapping class group. We can think of the 
mapping class group of G and the braid group as playing quite parallel roles. In 
fact, because of the appearance of the fiber Kp of the canonical bundle in the last 
paragraph, these two groups do not simply commute with each other; the group 
that acts is an extension of the mapping class group by B{G). 

Just as in the tamely ramified case, to get the right mirror symmetry conjecture, 
we need to extend the parameters slightly to get a mirror-symmetric set. But we 
also face the fundamental question of whether Hitchin's equations are compatible 
with wild ramification. As explained above, the nonlinearity of Hitchin's equations 
makes th is appear doubtful at first sight. But happily, it turns out that all is well, as 
shown in lBiguard fc BoalchI (|2004r ). The key point is that, again with r„ assumed 
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to be regular semi-simple, we can assume that the singular part of the connection 
is abelian. Though Hitchin's equations are nonlinear, they become linear in the 
abelian case, and once abelianized, they are compatible with a singularity of any 
order. Using this as a starting point, it turns out that, for any n, one can develop 
a theory of Hitchin's equations with irregular singularity that is quite parallel to 
the more familiar story in the unramified case. For example, the moduli space 
M.H of solutions of the equations is hyper-Kahler. In one complex structure, A4h 
parametrizes flat connections with a singularity similar to that in eqn. (jS.ip : in 
another complex structure, it parametrizes Higgs bundles {E, ip) in which Lp has an 
analogous pole of order n. There is a Hitchin fibration, and all the usual properties 
have close analogs. 

All this gives precisely the right ingredients to use Hitchin's equations to establish 
the desired mirror symmetry between the two moduli spaces. Sec Witten. (^Oo3) 
for a detailed explanation in which this classical geometry is embedded in four- 
dimensional gauge theory. Ma ny of the argu ments are quite similar to those given 
in the tame case in iGukov fc WittenI I 2006f l. The construction makes it apparent 



that the duality commutes with isomonodromic deformation. 

Finally, one might worry that the assumption that r„ is regular semi-simple may 
have simplified thing s in some unrealistic way. This is actually not the case. For one 



thing, the analysis in lBiquard fc BoalchI (|2004l ) requires only that T2, . . . , T„ should 



be simultaneously diagonalizable (in some gauge), and in particular semi-simple, 
but not that T„ is regular. But even if these coefficients are not semi-simple, there 
is no essential problem. In the classical theory of ordinary differential equations, 
it is shown that given any such equation with an irregular singularity at z = 0, 
after possibly passing to a finite cover of the punctured z-plane and changing the 
extension of a holomorphic bundle over the puncture at z = 0, one can reduce to 
the case that the i rregul ar part of the singularity has the properties assumed in 
Biquard fc Boalch ( 2004( l. Given this, one can adapt all the relevant arguments 



concerning ge ometric Langla nds duality to the more general case, as is explained 



in section 6 of I WittenI (|2007D . 



6. Four-Dimensional Gauge Theory And Stacks 

To a physicist, it is natural, in studying dualities involving gauge theory, to begin 
in four dimensions, which is often found to be the natural setting for gauge theory 
duality. There is a simple reason for this. The curvature, which is one of the most 
fundamental concepts in gauge theory, is a 2-form. In d dimensions, the dual of a 
2-form is a (c? — 2)-form, so it is only a 2-form if c? = 4. This suggests that d = 4 is 
the most natural dimension in which the dual of a gauge theory might be another 
gauge theory. 

Moreover , TV" = 4 supersymmetric Yang-Mills theory, originally constructed in 
Brink et al.l (1977), is a natural place to start, as it has the maximal possible 



supersy mmetry, and has th e celeb rated duality whose origins go back to the early 



work of iMontonen fc Olivd (jl977l ). It indeed turns out that geometric Langlands 
has a natural origin in a twisted version of TV = 4 super Yang-Mills theory in 
four dimensions. The twisting is quite analogous to the twisting of TV = 2 super 
Yang-Mills theory that leads to Donaldson theory. 

That particular motivation may seem opaque to some, and instead I will adopt 
here a different approach in explaining why it is natural to begin in four dimensions 
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for understanding geometric Langlands, instead of relying only on the -B-model and 
A-model of Xff(G,C). 

First of all, the _B-model and the A-model of any space X are both twisted 
versions of a quantum sigma model that governs maps $ : E ^ X, where E is 
a two- manifold (or better, a supermanifold of bosonic dimension two). Since the 
A-model involves in its most elementary form a counting of holoniorphic maps 
$ : E — > X that obey appropriate conditions, the roles of E and $ are clear in the 
A-model. Mirror symmetry indicates that it must be correct to also formulate the 
_B-model in terms of maps $ ; E — > X, and this is done in the usual formulation by 
physicists. 

In the present case, we are interested, roughly speaking, in the B- and A-models 
of A4h{G,C), for some compact Lie group G and two-manifold C. Therefore, 
roughly speaking, we want to study a sigma model of maps $ : E ^ Mh{G,C), 
where as before E is an auxiliary two-manifold. 

The reason that this description is rough is that M.h{G,G) has singularities!! 
and the sigma model of target AiniG, G) is therefore not really well-defined. There- 
fore a complete description cannot be made purely in terms of a sigma model in 
which the target space is Mh{G,G), viewed as an abstract manifold. We need a 
more complete description that will tell us how to treat the singularities. What 
might this be? 

By definition, a point in Mh{G,G) determines up to gauge-equivalence a pair 
(A, (f) obeying Hitchin's equations. A and </> are fields defined on C, so let us write 
them more explicitly as {A{y)^ 4>{y))i where y is a coordinate on G . 

Now suppose that we have a map $ : E — > AiniGjG), where E is a Riemann 
surface with a local coordinate x. Such a map is described by a pair (/>(y)) 
that also depends on x. So we can describe the map $ via fields {A{x , y) , (j){x , y)) 
that depend on both x and y. We would like to interpret these fields as fields on the 
four-manifold M = E x C. The pair {A{x, y), 4>{x, y)) is not quite a natural set of 
fields on M but can be naturally completed to one. For example, A{x, y) is locally a 
one- form tangent to the second factor in Af = E x C; to get a four-dimensional gauge 
field, we should relax the condition that A is tangent to the second factor. Similarly, 
we can extend (j) to an adjoint- valued one-form on E x C. A/" = 4 super Yang- 
Mills theory, or rather its twisted version that is related to geometric Langlands, 
is obtained by completing this set of fields to a supersymmetric combination in a 
minimal fashion. 

In TV = 4 super Yang-Mills theory, there are no singularities analogous to the sin- 
gularities of M.h{G, G). The space of gauge fields, for example, is an afFine space, 
and the other fields (such as 0) take values in linear spaces. The problems with sin- 
gularities that make it difficult to define a sigma model of maps $ : E — ^ M.h{G, G) 
have no analog in defining gauge theory on A/ = E x C (or any other four-manifold) . 
The relation between the two is that the two-dimensional sigma model is an ap- 
proximation to the four-dimensional gauge theory. The approximation breaks down 
when one runs into the singularities of AA.h{G, G). Any question that involves those 
singularities should be addressed in the underlying four-dimensional gauge theory. 



^Moreover, these sin gularities are worse than o rbifold singularities. Orbifold singularities would 
cause no difficulty. See lFrenkel k WittenI i200t ) for a discussion of orbifold singularities in geo- 
metric Langlands. 
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But away from singularities, it suffices to consider only the smaller set of fields 
that describe a map $ : S A4h{G,C). Many questions do not depend on 
the singularities and for these questions the description via two-dimensional sigma 
models and mirror symmetry is adequate. 



6.1. Stacks. To conclude, we will make contact with the counterpart of this dis- 
cussion in the usual mathematical theory. We start with bundles rather than Higgs 
bundles because this case will be easier to explain. 

In the usual mathematical theory, the right hand side of the geometric Langlands 
correspondence is described in terms of modules on, roughly speaking, the moduli 
space of all holomorphic Gc bundles on the Riemann surface C. 

However, instead of the moduli space Ai{G,C) of semi-stable holomorphic Gc 
bundles E C, one considers 2?- modules on the "stack" BunG(C) of all such 
bundles. The main reason for this is that to define the action of Hecke operators, 
it is necessary to allow unstable bundles. Unstable bundles are related to the non- 
orbifold singularities of M{G, C). 

What is a stack? Roughly, it is a space that can everywhere be locally described 
as a quotient. The trivial case is a stack that can actually be described globally as 
a quotient. Interpreting BunG(C) as a global quotient would mean finding a pair 
(F, Wc), consisting of a smooth algebraic variety Y and a complex Lie group Wc 
acting on Y , with the following properties. Isomorphism classes of holomorphic Gc 
bundles E ^ C should be in 1-1 correspondence with Wc orbits on Y, and for 
every E —>■ its automorphism group should be isomorphic to the subgroup of 
Wc leaving fixed the corresponding point in Y . 

A pair (Y, Wc) representing in this way the stack BunG(G) does not exist if Y 
and Wc are supposed to be finite-dimensional. Indeed, the Gc-bundle E ^ C can 
be arbtirarily unstable, so there is no upper bound on the dimension of its auto- 
morphism group. So no finite-dimensional Wc can contain all such automorphism 
groups as subgroups. 



However as shown in lAtivah fc BottI (jl982l ). taking G to be of adjoint type 



for simplicity, there is a natural infinite-dimensional pair {Y,Wc)- One simply 
takes Y to be the space of all connections on a given G-bundle E ^ C which 
initially is defined only topologically. One defines W to be the group of all gauge 
transformations of the bundle E; thus, if E is topologically trivial, we can identify 
W as the group Maps(G, G). Then we take Wc to be the complexification of W, 
or in other words Maps(G, Gc). (This complexification acts on Y as follows. We 
associate to a connection A the corresponding d operator Ba- Then a complex- 
valued gauge transformation acts by Oa — > gdA9^^-) 

Suppose then that we were presented with the problem of making sense of the 
supersymmetric sigma model of maps $ : S ^ A^(G, G), given the singularities of 
M{G, C). (This is a practice case for our actual problem, which involves M.h{G, C) 
rather than M.{G, C).) Our friends in algebraic geometry would tell us to replace 
A^(G, G) by the stack BunG(G). We interpret this stack as the pair (F, Wc), where 
Y is the space of all connections on a G-bundle E ^ C and Wc is the complexified 
group of gauge transformations. The connected components of the stack correspond 
to the topological choices for E. 
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By a supersymmctric sigma model with target a pair (Y, Wc), with Wc a complex 
Lie group acting on a complex manifold Y , we mea in the finite-dimensional case 
a gauge-invariant supersymmctric sigma model in which the gauge group is W (a 
maximal compact subgroup of Wc) and the target is Y. Actually, to define this 
sigma model, we want K to be a Kahler manifold with an W-invariant (but of 
course not Wc-invariant) Kahler structure. The sigma model action contains a 
term which is the square of the moment map for the action of W. This term is 
minimized precisely when the moment map vanishes. The combined operation of 
setting the moment map to zero and dividing by W is equivalent classically to 
dividing by Wc- 

To write down the term in the action that involves the square of the moment 
map (and in fact, to write down the kinetic energy of the gauge fields) one needs 
an invariant and positive definite quadratic form on the Lie algebra of W. If W 
is finite-dimensional, existence of such a form is equivalent to W being compact. 
However, the appropriate quadratic form also exists in the infinite-dimensional case 
that W = Maps(C, G) for some space C. (An element of the Lie algebra of W is a 
g- valued function e on C, and the quadratic form is defined by d/i (e, e), where 
( , ) is an invariant positive-definite quadratic form on g, and is a suitable measure 
on C.) 

Now, suppose we construct the two-dimensional sigma model of maps from a 
Riemann surface S to the stack BunG(C), understood as above. What is the group 
of gauge transformations of the sigma model? In general, in a gauge theory on any 
space S with gauge group W, the group of gauge transformations (of a topologically 
trivial W-bundle, for simplicity) is the group of maps from E to W, or Maps(S, W). 
In our case, W is in turn Maps(C, G). So Maps(S, W) is the same as Maps(M, G), 
where M — T. x C. But this is simply the group of gauge transformations in gauge 
theory on M, with gauge group G. In the present case, S and C are two-manifolds 
and M is a four-manifold. We have arrived at four-dimensional gauge theory. If 
we chase through the definitions a little more, we learn that the supersymmctric 
sigma model of maps $ : S — > Bunc (C) should be understood as four-dimensional 
Af = 2 supersymmctric gauge theory, with gauge group G, on the four-manifold 
M = S X C. (This is the theory that after twisting is related to Donaldson theory.) 

Now let us return to the original problem. Geometric Langlands duality is a 
statement about the i3- model and A-model not of A^(G, C) but of A4h{G, C), the 
corresponding moduli space of Higgs bundles, and its analog for the dual group ^G. 
To deal with the singularities, we want to "stackify" this situation. We are now in 
a hyper-Kahler context and the appropriate concept of a stack should incorporate 
this. (What algebraic geometers would call the stack of Higgs bundles does not quite 
do justice to the situation, since it emphasizes one complex structure too much.) 
Since quaternionic Lie groups do not exist, we cannot ask to construct A4h{G, C) 
as the quotient of a smooth space by a quaternionic Lie group. However, the notion 
of a symplectic quotient does have a good analog in the hyper -Kahler world, namely 
the hyper-Kahler quotient, described in Hitc hin et al.l ( 1987t ). The analog of what 
we explained for A4{G,C) is to realize A4h{G,C) as the hyper-Kahler quotient 
of a smooth space F by a group W. It may be impossible to do this with finite- 
dimensional Y and W, but in the infinite-dimensional world, this problem has a 
natural solution described in Hitchin's original paper on the Hitchin equations. 



^For a discussion of this construction in relation to stacks, see lPantev fc Sharpd ||2006|) . 
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is the space of pairs {A,(j)) on C, and W = Maps(C, G).) 



Taking this as input and interpreting what it should mean to have a sigma model 
whose target is the hyper-Kahler stack corresponding to A4h{G, C), one arrives at 
th e twisted version of A/" = 4 super Yang-Mills theory that was the starting point 
in lKapustin fc WittenI (|2007[) . 



References 

Atiyah, M. F. & Bott, R. (1982), 'The Yang-Mills Equations Over Riemann Sur- 
faces', Phil. Trans. Roy. Soc. London A308, 166-186. 

Atiyah, M. F. & Hitchin, N. J. (1988), The Physics And Geometry of Monopoles, 
Princeton University Press. 

Bershadsky, M., Johansen, A., Sadov, V. & Vafa, C. (1995), 'Topological Reduction 
Of 4 - £> SYM to 2 - £> Sigma Models', Nucl. Phys. B448, 166-186. 

Biquard, O. & Boalch, P. (2004), 'Wild Non-Abehan Hodge Theory On Curves', 
Compos. Math. 140, 179-204. 

Boalch, P. (2001), 'Symplectic Manifolds And Isomonodromic Deformations', Adv. 
Math. 163, 137-205. 

Brink, L., Schwarz, J. H. & Scherk, J. (1977), 'Supersymmetric Yang-Mills Theo- 
ries', Nucl. Phys. B121, 77. 

Frenkel, E. & Gaitsgory, D. (2005), 'Local Geometric Langlands Correspondence 
And AfRne Kac-Moody Algebras'. math.RT/0508382. 

Frenkel, E. & Witten, E. (2007), 'Geometric Endoscopy And Mirror Symmetry', to 
appear. 

Gualtieri, M. (2003), 'Generalized Complex Geometry'. D. Phil. Thesis, Oxford 

University, math.DG/0401221. 
Gukov, S. & Witten, E. (2006), 'Gauge Theory, Ramification, And The Geometric 

Langlands Program', hep-th/0612073. 
Harvey, J. A., Moore, G. W. & Strominger, A. (1995), 'Reducing S Duality to T 

Duality', Phys. Rev. D52, 7161-7167. 
Hansel, T. & Thaddeus, M. (2002), 'Mirror Symmetry, Langlands Duality, And 

The Hitchin System'. math.AG/0205236. 
Hitchin, N. J. (1987a), 'The Self-Duality Equations On A Riemann Surface', Proc. 

London Math. Society (3) 55, 67. 
Hitchin, N. J. (1987&), 'Stable Bundles And Integrable Systems', Duke Math. J. 

54, 91-114. 

Hitchin, N. J. (2003), 'Generalized Calabi-Yau Manifolds', Q. J. Math. 54, 281-308. 
math.DG/0209099. 

Hitchin, N. J., Karlhede, A., Lindstrom, U. & Rocek, M. (1987), 'Hyperkahler 
Metrics and Supersymmetry', Commun. Math. Phys. 108, 535-589. 

Hori, K. et al., eds (2003), Mirror Symmetry, American Mathematical Society, 
Providence, USA. 

Jimbo, M., Miwa, T. & Ueno, K. (1981), 'Monodromy Preserving Deformations of 
Linear Differential Equations with Rational Coefficients', Physica 2D, 407-448. 

Kapustin, A. & Witten, E. (2007), 'Electric-Magnetic Duality And The Geomet- 
ric Langlands Program', Comm. Number Theory and Physics 1, 1-236. hep- 
th/0604151. 

Montonen, C. & Olive, D. (1977), 'Magnetic Monopoles as Gauge Particles?', Phys. 
Lett. B72, 117. 



MIRROR SYMMETRY, HITCHIN'S EQUATIONS, AND LANGLANDS DUALITY 



15 



Pantev, T. & Sharpe, E. (2006), 'GLSAPs for Gerbes (and Other Toric Stacks)', 

Adv. Theor. Math. Phys. 10, 77-121. hep-th/0502053. 
Simpson, C. (1990), 'Harmonic Bundles on Noncompact Curves', J. Am. Math. 

Soc. 3, 713-770. 

Stromingcr, A., Yau, S. & Zaslow, E. (1996), 'Mirror Symmetry Is T Duality', Nucl. 

Phys. B479, 243-259. hep-th/9606040. 
Wasow, W. (1965), Asymptotic Expansions For Ordinary Differential Equations, 

Wiley, New York. 

Witten, E. (2007), 'Gauge Theory and Wild Ramification'. arXiv:0710.0631. 

School of Natural Sciences, Institute for Advanced Study, Princeton NJ 08540 
E-mail address: dgaiotto9gmail.com, witten9ias.edu 



